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Using large-scale determinant quantum Monte Carlo simulations in combination with the stochas-
tic analytical continuation, we study two-particle dynamical correlation functions in the anisotropic
square lattice of weakly coupled one-dimensional (1D) Hubbard chains at half-filling and in the
presence of weak frustration. The evolution of the static spin structure factor upon increasing the
interchain coupling is suggestive of the transition from the power-law decay of spin-spin correlations
in the 1D limit to long-range antiferromagnetic order in the quasi-1D regime and at T = 0. In
the numerically accessible regime of interchain couplings, the charge sector remains gapped. The
low-energy momentum dependence of the spin excitations is well described by the linear spin-wave
theory with the largest intensity located around the antiferromagnetic wave vector. This magnon
mode corresponds to a bound state of two spinons. At higher energies the spinons deconfine and
we observe signatures of the two-spinon continuum which progressively fade away as a function of
interchain hopping.
PACS numbers: 71.10.Pm, 75.30.Ds, 71.10.Fd, 71.27.+a
I. INTRODUCTION
In the realm of the solid state, controlling dimension-
ality implies that the thermal energy (or frequency) is
larger that the effective coupling which triggers a di-
mensional crossover.1 Under those circumstances, there
is no coherence between the lower-dimensional units such
that they effectively decouple. The dimensional crossover
is particularly interesting when elementary excitations
fractionalize in the lower-dimensional limit.2 For exam-
ple, neutron scattering experiments on weakly coupled
spin ladders of CaCu2O3 show the two-spinon contin-
uum at frequencies larger than the interchain exchange
and their confinement in the higher-dimensional ladder
system emerging at lower energies.3 Another experimen-
tal realization is provided by BaCu2Si2O7 and KCuF3
which consist of weakly coupled spin-1/2 chains.4–6 At
high frequencies one observes the two-spinon continuum,
signalizing free spinons. In the low-frequency limit, pairs
of spinons bind to form the Goldstone mode (spin-waves)
of the broken-symmetry phase.
In addition to gapless transverse spin-wave excitations,
nearly disordered by quantum fluctuations quasi-1D anti-
ferromagnets are expected to exhibit anomalous (i.e., be-
yond the standard spin-wave theory) longitudinal mode
at finite energy corresponding to fluctuations in the stag-
gered magnetic moment. The presence of longitudinal
spin excitations near the disordered transition has been
predicted within the quantum Sine-Gordon field theory
for weakly coupled to form an anisotropic cubic lattice
spin-1/2 chains treating the interchain couplings as per-
turbation.7,8 The longitudinal mode has been resolved in
KCuF3,
9,10 while so far only a broad continuum feature
has been found in BaCu2Si2O7.
11,12
The dimensional crossover is not limited to spin sys-
tems but also plays the essential role in our understand-
ing of Bechgaard salts. In these organic compounds
a dimensional-crossover-driven insulator to metal Mott
transition has been observed.13 A complete theoretical
description of this phenomenon is still missing and con-
tinues to capture interest.14–19
The aim of this paper is to study numerically the
change in the nature of low-energy excitations on cou-
pling one-dimensional (1D) half-filled Hubbard chains.
In contrast to previous work,19 our aim is to study two-
particle quantities: spin and charge dynamical structure
factors. Since the 1D regime is dominated by strong mo-
mentum dependence of the self-energy, an accurate evalu-
ation of the two-particle spectra requires the necessity to
include vertex corrections. Hence, one faces a challenging
task going beyond the dynamical cluster approximation
schemes.20,21
To handle the full complexity of the problem, we have
adopted the finite-temperature auxiliary-field quantum
Monte Carlo (QMC) algorithm.22 It allows us to carry
out simulations on lattice sizes ranging up to 20× 20 in
the presence of weak frustration and close to the 1D limit.
Here, the limiting factor is the onset of the negative sign
problem which ultimately leads to an exponential scaling
of the computational time as a function of system size
and inverse temperature β = 1/T . We restrict our stud-
ies to the spin rotationally symmetric case and address
the emergence of transverse spin-wave mode in a dimen-
sional crossover from 1D to quasi-two-dimensional (2D)
systems.
Our main results can be summarized as follows. 1D
half-filled Hubbard chains are insulating due to the rele-
vance of umklapp scattering. Below the charge gap, spin
dynamics is characterized by the two-spinon continuum
and absence of long-range magnetic order. Within our
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2resolution, we shall see that this state is unstable towards
interchain hopping, since down to our smallest considered
values, the ground state develops long-range antiferro-
magnetic (AF) order. This result is consistent with the
one put forward in Ref. 23 and confirmed numerically in
Refs. 24 and 25 albeit in the absence of frustration and in
the realm of quantum spin systems. This implies that for
any value of interchain hopping, there is an energy scale26
below which one will observe a crossover in the dynam-
ical spin structure factor from a two-spinon continuum
to a spin-wave mode. Our real-frequency QMC data,
extracted by carrying out the stochastic analytic contin-
uation27 of the imaginary time-dependent spin-spin cor-
relation function, provide ample support for this inter-
pretation. In addition, our results indicate strong ther-
mal effects in quantum magnets with weakly confined
spinons.28
The paper is organized as follows. Section II defines
the model Hamiltonians. Section III briefly describes
approximate dynamical response of the spin system in
two limiting cases: (i) the two-spinon continuum typ-
ical of the 1D spin chain can be accounted for within
a SU(2) spin symmetric mean-field approximation, and
(ii) spin dynamics of the 2D magnetically ordered phase
at T = 0 is conveniently described within the spin-wave
theory.29,30 Section IV presents our main results, i.e, the
dimensional-crossover-driven evolution of static as well
as dynamical properties of the ground state. The conclu-
sions are summarized in Sec. V.
II. MODELS
We study the Hubbard model on a strongly anisotropic
square lattice at half-filling,
H = −
∑
ij,σ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓ − µ
∑
i,σ
niσ, (1)
where the electron hopping tij is t (t⊥) on the intrachain
(interchain) bonds, µ is the chemical potential and we
set U/t = 3. Due to perfect nesting of the Fermi surface,
the Hubbard model (1) is expected to develop Ne´el or-
der in the presence of any infinitesimally small interchain
coupling in the T = 0 limit.23–25 Here, we allow for a fi-
nite diagonal next-nearest neighbor hopping t′ = −t⊥/4.
It reduces nesting and makes the scenario of immediate
magnetic ordering less obvious.31
Additionally, we consider the spin S = 1/2 Heisenberg
model with nearest neighbor interactions J (J⊥) along
the intrachain (interchain) bonds, respectively, extended
by next-nearest neighbor interaction J ′:
HJ = J
∑
〈ij〉‖
Si ·Sj +J⊥
∑
〈ij〉⊥
Si ·Sj +J ′
∑
〈〈ij〉〉
Si ·Sj . (2)
The interaction J ′ competes with the tendency toward
long-range AF order and gives rise to geometric frustra-
tion. We shall discuss in Sec. IV B to what extent spin-
wave dispersion in the Heisenberg model describes the
low-energy QMC spin excitations of the Hubbard model.
III. APPROXIMATE SPIN DYNAMICS
In this Section, we discuss two limiting cases of the
spin dynamics: (i) two-spinon continuum typical in one-
dimension, and (ii) spin-wave modes characteristic of
a higher-dimensional magnetically ordered phase. The
overall spectral features of the two limits can be repro-
duced using simple but different approximation schemes.
A. Two-spinon continuum in one-dimension
In the presence of any finite Hubbard interaction, the
relevance of umklapp scattering in the 1D regime and
at half-filling, opens a gap for charge excitations while
leaving the spin sector gapless. Below the charge gap, one
can model the relevant physics by a spin-only S = 1/2
Heisenberg chain. In the 1D limit, the magnon excitation
which one produces by flipping a spin decomposes into
two spinons corresponding to domains walls in the AF
background. Hence, the spin dynamics is characterized
by the two-spinon continuum.
A simple understanding of this phenomenon is pro-
vided by a mean-field (MF) decoupling which conserves
the SU(2) spin symmetry.32 Starting from the 1D Heisen-
berg model, one can adopt a fermion representation of
the spin-operator Si =
1
2
∑
σ,σ′ f
†
i,σ~σσ,σ′fi,σ′ subject to
the constraint, ∑
σ
f†iσfiσ = 1. (3)
Next, using the relation:
Si ·Sj − 1
4
= −1
4
(
D†ijDij +DijD
†
ij
)
, (4)
with Dij =
∑
σ f
†
i,σfj,σ and introducing the bond-order
parameter χ = 〈Dij 〉 yields the following MF Hamilto-
nian,
HMF
J˜
= −J˜
∑
〈ij〉‖,σ
(
f†i,σfj,σ + f
†
j,σfi,σ
)
, (5)
with a renormalized coupling J˜ ≡ Jχ/2. At the MF
level, the constraint Eq. (3) is satisfied only on average,
i.e.,
∑
σ〈f†i,σfi,σ〉 = 1, such that the spinon Fermi wave
vector reads kF = pi/2. Finally, the corresponding spin
susceptibility in the z-direction is given by,
χs(q, ω) =
1
4N
∑
k
fF(k + q)− fF(k)
ε(k)− ε(k + q)− ω − iδ , (6)
where fF(k) is the Fermi function and ε(k) is the 1D
tight-binding dispersion of the MF Hamiltonian Eq. (5).
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FIG. 1. (Color online) Two-spinon continuum of the spin
susceptibility χs(q, ω) Eq. (6) as obtained from the SU(2) spin
symmetric MF approximation of the 1D Heisenberg model.
The intensity plot of χs(q, ω) is shown in Fig. 1. It depicts
the two-spinon continuum with two gapless excitations at
q = 0 and q = 2kF = pi.
B. Linear spin-wave theory
In spatial dimensions greater than one, the spinons
bind and form magnons, which are nothing but the Gold-
stone modes of the continuous SU(2) spin broken sym-
metry. The magnons are well accounted within the linear
spin-wave theory (LSWT) in the leading 1/S order.29,30
The spin-wave expansion is valid about the ground state
with a finite classical order parameter. In contrast, there
is no long-range order in one-dimension and the magnons
decay into pairs of spinons. The signature of spin frac-
talization is then seen as continuum of excited states.
Clearly, the dimensional crossover must affect the na-
ture of elementary spin excitations. In particular, when
spinons bind, the continuum of excitations in the dynam-
ical spin structure factor is expected to give way to well
defined sharp magnon peaks described by the LSWT.
Below we discuss the LSWT magnon dispersion as well
as quantum corrections to the magnetic order parameter
〈Sz〉. We focus on the AF phase within the anisotropic
Heisenberg model defined in Eq. (2). The starting point
is the Holstein-Primakoff transformation expressing the
spin operators in terms of bosonic operators {a†i , ai},
Szi = S − a†iai, S+i '
√
2Sai, S
−
i '
√
2Sa†i . (7)
The effective bosonic problem is then solved by employ-
ing subsequent Fourier and Bogoliubov transformations.
The latter diagonalizes a 2× 2 dynamical matrix at each
momentum q. The corresponding magnon dispersion
reads,
ωq = 2S
√
ξ2q − γ2q , (8)
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FIG. 2. (Color online) (a) Spin-wave dispersion in the AF
phase within the anisotropic S = 1/2 Heisenberg model (2)
with J⊥/J = 0.1; (b) Effective magnetic order parameter
Eq. (13) within the LSWT as a function of increasing inter-
chain interaction J⊥.
with 2D structure factors,
ξq = J + J⊥ − 2J ′(1− cos qx cos qy), (9)
γq = J cos qx + J⊥ cos qy. (10)
Spin-wave dispersion of the Heisenberg model (2) with
J ′ = 0 is displayed for a representative value of J⊥/J =
0.1 in Fig. 2(a). The low-energy part of the spectrum is
given by gapless Goldstone modes with a linear momen-
tum dependence,
ωα(q) ' Dαq, (11)
with D‖ (D⊥) being the spin-wave stiffness along (per-
pendicular to) the chains, respectively. We compare it
with the dispersion obtained with a finite frustrated in-
teraction J ′. One observes in Fig. 2(a) that even small
J ′/J⊥ = 0.2 modifies the magnon dispersion. In particu-
lar, the frustration manifests itself as: (i) flattening of the
magnon band around momenta q = (pi, 0) and q = (0, pi),
and (ii) reduction of the stiffness constant D⊥ leaving D‖
almost intact.
It is instructive to consider the effect of quantum fluc-
tuations on the classical order parameter S in the pres-
ence of frustrated interaction J ′. Using the standard
4TABLE I. Critical value J∗⊥ required to stabilize long-range
AF order in the quasi-1D regime in the presence of frustrated
coupling J ′.
J ′/J⊥ 0 0.2 0.3 0.378
J∗⊥/J 0.033 0.058 0.09 0.162
scheme of the LSWT,33 one can show that the size of
quantum corrections in the T → 0 limit is given by,
δ〈Sz〉 = S
∫
d2q
(2pi)2
ξq
ωq
− 1
2
. (12)
The effective magnetic order parameter,
〈Sz〉 = S − δ〈Sz〉, (13)
for spin S = 1/2 is plotted as a function of J⊥ in
Fig. 2(b). On the one hand, previous QMC studies
of weakly coupled S = 1/2 Heisenberg chains,24,25 re-
veal that a finite critical value J∗⊥/J ' 0.03 required
for the onset of long-range AF order is an artifact of
the LSWT. The failure follows from the increased im-
portance of higher-order corrections to the local order
parameter 〈Sz〉 in the 1D limit.34 On the other hand,
the LSWT captures the frustrating role of next-nearest
neighbor coupling J ′ and predicts noticeable enhance-
ment of J∗⊥. We list critical J
∗
⊥ for a few representative
values of J ′ in Table I. Among them, J ′/J⊥ = 0.378 is ex-
pected within the LSWT to fully suppress long-range AF
order in the isotropic 2D limit. The same tendency has
been found in the QMC simulations of the half-filled 2D
Hubbard model when the next-nearest neighbor hopping
is sufficiently large.35
IV. RESULTS
We proceed now to present our QMC results for the
Hubbard model (1). The results were obtained using a
finite-temperature implementation of the auxiliary-field
QMC algorithm (see Ref. 36 and references therein). It
involves a separation of the one-body kinetic Ht and two-
body Hubbard interaction HU terms with the help of the
Trotter decomposition,
e−∆τ(HU+Ht) ' e−∆τHU e−∆τHt . (14)
Typically, we have used a finite imaginary time step
∆τt = 1/6. This introduces an overall controlled sys-
tematic error of order (∆τ)2. Finally, we have opted for
a discrete, Ising, Hubbard-Stratonovitch field coupling to
the z-component of the magnetization. With this setup,
we have carried out simulations for lattice sizes ranging
from L = 8 to L = 20 and in the broad range of tempera-
tures t/5 ≤ T ≤ t/30. Severe minus-sign problem arising
due to a finite next-nearest neighbor hopping t′ = −t⊥/4
disabled QMC simulations beyond t⊥/t = 0.35.
1.3
1.6
1.9
2.2
2.5
2.8
3.1
0.00 0.05 0.10 0.15 0.20
S[
q
=
(pi
,
0)]
T/t
t⊥/t = 0
t⊥/t = 0.05
t⊥/t = 0.1
t⊥/t = 0.15
t⊥/t = 0.2
t⊥/t = 0.25
t⊥/t = 0.3
t⊥/t = 0.35
(a)
1.5
2.5
3.5
4.5
5.5
6.5
7.5
0.00 0.05 0.10 0.15 0.20
S[
q
=
(pi
,
pi
)]
T/t
t⊥/t = 0.35
t⊥/t = 0.3
t⊥/t = 0.25
t⊥/t = 0.2
t⊥/t = 0.15
t⊥/t = 0.1
t⊥/t = 0.05
(b)
FIG. 3. (Color online) Temperature dependence of the static
spin structure factor S(q) found on the 16×16 lattice at mo-
mentum: (a) q = (pi, 0) and (b) q = (pi, pi).
A. Equal time spin-spin correlation
A salient feature of the 1D interacting system is the
power-law decay of all correlation functions.2 To investi-
gate dimensional-crossover-driven effects in the nature of
spin degrees of freedom, we calculate Fourier transform
of the equal-time spin-spin correlations,
S(q) =
4
3
∑
r
eiq·r〈S(r) ·S(0)〉. (15)
Figure 3(a) illustrates temperature dependence of the
static spin structure factor S(pi, 0). This observable mea-
sures spin-spin correlations along the chains. One finds
that the low-T enhancement of S(pi, 0) in the 1D limit
is progressively replaced by a flat behavior on increasing
t⊥. The observed change is consistent with a transition
from the power-law decay of spin-spin correlations in the
isolated chains to an exponential falloff in the system of
weakly coupled chains. However, sufficiently high tem-
perature, i.e., larger than warping of the Fermi surface,
should restore the 1D behavior of the spin-spin correla-
tions. This indeed happens close to T = t/5 since the
value of the spin structure factor S(pi, 0) for t⊥/t = 0.05
almost matches that of the 1D regime, see Fig. 3(a).
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FIG. 4. (Color online) Finite size extrapolation of the stag-
gered magnetic moment ms.
The low-T increase of staggered spin structure factor
S(pi, pi) shown in Fig. 3(b), is suggestive of the transition
triggered by t⊥ to the AF phase. To provide further sup-
port for the onset of broken-symmetry ground state, we
plot in Fig. 4 finite-size scaling of the staggered magnetic
moment,
ms = lim
L→∞
√
S(pi, pi)
L2
. (16)
Down to our smallest considered values t⊥/t = 0.05 and
in the effective zero-temperature limit, a finite value of
ms is found in the thermodynamic limit. Clearly, the
weak frustration brought by small t′ = −t⊥/4 does not
prevent the formation of long-range AF order. The ab-
sence of finite critical interchain coupling is supported
by neutron scattering data on Sr2CuO3, a quasi-1D
S = 1/2 antiferromagnet with a very small Ne´el temper-
ature TN/J ' 5K. In this case a continuous reduction of
the magnetic moment in the limit of vanishing interchain
interactions has been found.37
B. Spin and charge dynamics
Having found the signatures of long-range AF order in
the static spin-spin correlation function S(pi, pi), we pro-
ceed to discuss spin S(q, ω) and charge C(q, ω) dynamical
structure factors defined as:
S(q, ω) =
χ′′s (q, ω)
1− e−βω and C(q, ω) =
χ′′c (q, ω)
1− e−βω . (17)
Here, χc and χs correspond to the generalized charge
and spin susceptibilities. The susceptibilities can be ob-
tained from imaginary-time displaced two-particle corre-
lation functions,
〈Sz(q, τ)Sz(−q, 0)〉 = 1
pi
∫
dw
e−ωτ
1− e−βω χ
′′
s (q, ω), (18)
〈N(q, τ)N(−q, 0)〉 = 1
pi
∫
dw
e−ωτ
1− e−βω χ
′′
c (q, ω), (19)
where,
Sz(q) =
1√
L
∑
r
eiq·r (nr↑ − nr↓) , (20)
N(q) =
1√
L
∑
r
eiq·r (nr↑ + nr↓ − n) . (21)
with n =
∑
σ〈nr,σ〉 being the average filling level. We
extracted the real-frequency two-particle spectra by ana-
lytically continuing the imaginary-time QMC data with
the use of a stochastic version of the Maximum Entropy
method.27
The dynamical spin structure factor S(q, ω) is related
to the static one S(q) through the sum rule:
S(q) =
1
pi
∫
dw S(q, ω). (22)
Hence, we shall resolve in S(q, ω) redistribution of mag-
netic spectral weight in the thermally-driven dimensional
crossover. The latter was anticipated in Sec. IV A from
the evolution of the static spin-spin correlation function
S(q), see Fig. 3. However, our primary goal is to eluci-
date the evolution of the two-spinon continuum typical
of the S = 1/2 Heisenberg chain into the single-magnon
mode known as a low-energy magnetic excitation in a 2D
antiferromagnetically ordered phase at T = 0.38–40
1. 1D limit: deconfined spinons
We begin with the system of isolated (t⊥ = 0) half-
filled 1D Hubbard chains. The corresponding intensity
plots of the spin and charge excitation spectrum are
shown in Figs. 5 and 6. In the realm of bosonization,
spin and charge degrees of freedom decouple. The en-
ergy scale, as measured from the Fermi energy, up to
which this picture survives depends on the strength of
the interaction. For example, in the single-particle spec-
tra signatures of spin-charge separation are detected up
to very high energies for interactions of the order of the
bandwidth.41 Beyond this energy scale, one would ex-
pect to recover the noninteracting picture where the spin
and charge dynamical structure factors have equivalent
supports. This regime corresponds to the particle-hole
continuum. With this in mind, we can analyze the data
of Figs. 5 and 6. At first glance, one will not detect a
particle-hole continuum – as defined above – within the
plotted energy range indicative of dominant role of ver-
tex corrections. Hence the data, again in the considered
energy range, should be understood in terms of collective
spin and charge excitations.
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FIG. 5. (Color online) Dynamical spin structure factor S(q, ω)
obtained on: (a) 16-site chain at T = t/10 and (b) 32-site
chain at T = t/20.
The dynamic charge structure factor C(q, ω) shows
features similar to those seen in Ref. 42 using time-
dependent density matrix renormalization group. The
charge sector is gapped with a relatively large charge
gap ∆/t > 1 (c.f. Fig. 6). Above the charge gap, one
can detect aspects of the charge dynamics of Luttinger
liquids, with low-lying charge excitations located at long
wavelengths as well as at q = 2kF = pi. Since the charge
is fully gapped, the spin dynamics can be understood
predominantly with a spin-only model which we will ap-
proximate by the S = 1/2 Heisenberg chain. Its most
prominent feature is the two-spinon continuum of states
bounded from below and above by, 43,44
pi
2
J | sin(q)| ≤ ω(q) ≤ piJ | sin(q/2)|. (23)
The upper bound corresponds to two spinons with the
same momentum q/2. The lowest-lying excited states
come from two-spinons in which one spinon has momen-
tum q and the other has zero or pi. As shown in Fig. 5(b),
these excitations carry the main spectral weight at low-T
as expected in the strong coupling regime U/t 1 dom-
inated by virtual hopping of electrons.45–49 This should
be contrasted with the MF spectrum in Fig. 1. Although
the latter reproduces the overall form of S(q, ω), it is bi-
ased with respect to the distribution of weight since the
MF approximation does not capture the criticality of the
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FIG. 6. (Color online) Dynamical charge structure factor
C(q, ω) obtained on: (a) 16-site chain at T = t/10 and (b)
32-site chain at T = t/20.
SU(2) spin-chain correctly. In this respect, the MF spec-
trum is similar to S(q, ω) obtained in the weak coupling
limit U/t 1 with strong electron itinerancy effects.47
The presence of zero-frequency magnetic weight at
q = pi and equivalent momenta shall give rise to im-
mediate binding of spinons on coupling the 1D chains.
This conjecture, supported by the analysis of the static
spin structure factor S(pi, pi) in Sec. IV A, is suggestive of
the emergence of low-energy spin-waves characteristic of
the magnetically ordered phase. In contrast, no spectral
weight in the charge and spin sector is found along the
(0, 0)→ (0, pi) direction, i.e., perpendicular to the chains.
Hence, the dynamics of the dimensional crossover should
be particularly clearly visible in this part of the Brillouin
zone.
2. Spinon confinement in the quasi-1D limit
We turn now to spin and charge excitation spectra of
weakly coupled Hubbard chains. Coupling the chains af-
fects first the low-frequency spin excitations. However,
due to a small velocity, the spin-wave mode in the small
regime of t⊥ might be resolved only at sufficiently low-T .
Hence, we begin the discussion by showing the data at
t⊥/t = 0.2,50 and T = t/10, see Fig. 7(a). In this case
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FIG. 7. (Color online) Dynamical spin structure factor S(q, ω)
obtained on the 16 × 16 lattice with t⊥/t = 0.2 at: (a) T =
t/10 and (b) T = t/20. Solid line in the lower plot gives a
LSWT fit Eq. (8) with J⊥/J = 0.06 and J ′/J⊥ = 0.2.
one clearly observes: (i) reduction of S(q, ω) around mo-
mentum q = (pi, 0) with respect to the 1D regime; (ii)
buildup of the magnetic weight at the AF wave vector
q = (pi, pi), and (iii) emergence of a broad incoherent fea-
ture along the (0, 0)→ (0, pi) direction. Upon decreasing
temperature down to T = t/20, the features (i) and (ii)
evolve into a gapless spin-wave mode, see Fig. 7(b). It re-
places the low-energy part of the two-spinon continuum.
This should be contrasted with spinon confinement in a
two-leg Hubbard51 or spin S = 1/2 Heisenberg52–55 lad-
der systems with a finite interchain coupling leading to a
singlet ground state with gapped magnons.
Spinon confinement is also reflected in the overall loss
of spectral weight of the two-spinon continuum. This
effect is particularly strong around the AF wave vec-
tor q = (pi, pi) where the low-energy magnetic intensity
quickly fades away on moving to higher frequencies.
As shown in Fig. 7(b), the LSWT dispersion relation
Eq. (8) provides quite a good description of the low-
energy part of the magnon spectrum along the (pi, pi)→
(pi, 0) path. However, a certain discrepancy emerges at
higher energies. Note, that for the chosen fitting param-
eters J⊥/J = 0.06 and J ′/J⊥ = 0.2, the LSWT yields a
finite magnetic order parameter 〈Sz〉 (see Table I) consis-
tent with the long-range AF order in the system. Spec-
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FIG. 8. (Color online) Dynamical charge structure factor
C(q, ω) obtained on the 16 × 16 lattice with t⊥/t = 0.2 at:
(a) T = t/10 and (b) T = t/20.
tral weight is also found along the (0, 0) → (0, pi) direc-
tion. However, its intensity is low and vanishes in the
|q| → 0 limit. Furthermore, there is a clear anisotropy
in the spin-wave velocity. The small velocity associ-
ated with the interchain dispersion relation, i.e., from
(0, 0) → (0, pi), renders thermal effects stronger, and
could provide an explanation for the broad line shape
even in the low-energy limit. On the other hand and at
higher energies, the magnon can decay into spinons, thus
providing a damping mechanism of the magnon mode.
The dimensional crossover is also seen in the charge
dynamics shown in Fig. 8. Indeed, the comparison with
the 1D case (see Fig. 6) reveals: (i) disappearance of the
1D 2kF feature observed in Fig. 6, and (ii) emergence of
a broad charge mode dispersing along the (0, 0)→ (0, pi)
direction. As depicted in Fig. 8(b), its low-frequency
weight is washed out on decreasing temperature down
to T = t/20. This is consistent with the localization of
charges as appropriate for the insulating state.
The inspection of both the dynamical spin, S(q, ω),
and charge, C(q, ω), structure factors allows us to iden-
tify essentially two frequency regimes dominated by mag-
netic excitations of different nature: (i) low-frequency
magnons, and (ii) intermediate-frequency two-spinon ex-
citations. We interpret this energy-scale separation as
follows. Coupling the chains triggers binding of spinons
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FIG. 9. (Color online) Same as in Fig. 7 but for t⊥/t = 0.3.
Solid line in the lower plot gives a LSWT fit Eq. (8) with
J⊥/J = 0.1 and J ′/J⊥ = 0.2.
into low-energy spin-waves. However, deconfinement of
spinons still occurs above a threshold energy set up by the
strength of attractive potential between the spinons. In
proximity to the 1D regime, this potential might be eas-
ily overcome by thermal fluctuations. This accounts for
the observed transfer magnetic weight out of the magnon
peak into the two-spinon continuum. We illustrate this
effect in Fig. 7 which compares S(q, ω) for two different
temperatures T = t/10 and T = t/20.
Let us now make a comparison between the spin excita-
tion spectra S(q, ω) found at t⊥/t = 0.2 and t⊥/t = 0.3.
The latter is shown in Fig. 9. It may be seen that at
low temperature T = t/20 the spin-wave mode acquires
progressively increasing damping on going from (pi, pi) to
(pi, 0), see Fig. 9(b). This should be contrasted with
S(q, ω) at t⊥/t = 0.2 where the magnon dispersion is
clearly resolved across the whole (pi, pi) → (pi, 0) path,
see Fig. 7(b). We ascribe this enhanced decay rate to
larger bandwidth of the spin-wave dispersion. As a re-
sult, magnon excitations reach frequencies high-enough
to couple with charge excitations. Hence, in contrast to
t⊥/t = 0.2 with a single decay chanel, i.e., into pairs
of spinons, spin-waves at t⊥/t = 0.3 might also sponta-
neously decay into charge excitations. Nevertheless, the
low-energy part of the magnon dispersion is fairly well
accounted within the LSWT, see Fig. 9(b).
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FIG. 10. (Color online) Same as in Fig. 8 but for t⊥/t = 0.3.
Stronger spinon confinement expected for t⊥/t = 0.3 is
consistent with larger amount of the magnon weight per-
pendicular to the chains, i.e., along the (0, 0) → (0, pi)
path. Accumulation of spectral weight along the same
(0, 0) → (0, pi) direction is also observed in the charge
excitation spectrum C(q, ω), see Fig. 10. It reflects de-
velopment of charge correlations between the chains. In
contrast, there are no zero-frequency charge excitations
in the low-temperature regime T = t/20 typical of the in-
sulating phase, see Fig. 10(b). However, this finite-energy
charge mode might be considered as a precursor feature
of electron deconfinement, i.e., possibility of the charge
transfer across the chains in the dimensional-crossover-
driven Mott transition.19 Finally, a weak momentum de-
pendence of charge excitations may be resolved along the
(pi, 0)→ (pi, pi) path.
V. CONCLUSIONS
We have systematically studied the evolution of spin
and charge degrees of freedom upon coupling the 1D Hub-
bard chains with frustrating hopping matrix elements.
From the technical point of view, we tackled the problem
with the numerically exact finite-temperature auxiliary-
field QMC algorithm on lattice sizes up to 20 × 20. At
the considered value of U/t = 3 and up to t⊥/t = 0.35,
the sign problem turned out to be manageable down to
9T = t/20. In this parameter regime, the low-temperature
dynamical charge structure factor shows that the system
remains insulating.
The 1D limit is very well understood.2 The relevance
of umklapp processes at half-filling opens a charge gap
and results in critical equal-time spin-spin correlations.
The spin dynamical structure factor exhibits the two-
spinon continuum with gapless excitations at long wave-
lengths and at q = pi. Upon coupling the chains, our
results support the direct onset of a broken-symmetry
AF ground state. This result implies that spinons will
bind into magnons as soon as the chains are coupled.
Our numerical results for the dynamical spin structure
factor resolve the frequency and temperature dependence
of the transition from deconfined to confined spinons. In
particular, a transverse spin-wave mode emerges in the
low-energy sector of the dynamical spin structure factor.
This spin-wave mode is heavily damped since it can decay
into pair of spinons present at higher energies. The over-
all high-energy features of the dynamical spin structure
factor show clear signatures of the two-spinon continuum
which progressively fade away as the interchain coupling
is enhanced. The same is valid for the dynamical charge
structure factor which shows robust 1D features at en-
ergy scales beyond the charge gap and up to our largest
value of the interchain coupling.
Finally, let us discuss a possible experimental rele-
vance of our results. A similar crossover in the nature
of spin excitations from dispersive scattering continua
to sharp magnon modes at the lowest energies has been
observed below the ordering temperature TN in a mod-
erately anisotropic triangular lattice of a S = 1/2 an-
tiferromagnet Cs2CuCl4.
56,57 The complex structure of
magnetic excitations has been ascribed in this case to
the proximity of Cs2CuCl4 to a fractionalized spin liquid
phase which sets up as a result of an effective dimensional
reduction by the strong geometric frustration.58
The coexistence of the one- and higher-dimensional
transverse spin dynamics operating at different frequency
scales, has also been resolved in the inelastic neutron
scattering data on BaCu2Si2O7 and KCuF3, both of
them consisting of weakly coupled S = 1/2 chains.4–6
A detailed comparison of the dynamical spin correlation
function S(q, ω) for the anisotropic A-type antiferromag-
netic (A-AF) phase of KCuF3 should take into account
a weak ferromagnetic superexchange between the AF
chains. The latter is expected to facilitate the forma-
tion of spin-waves by reducing quantum corrections to
the order parameter in the A-AF phase.33 As such, it
might shift a threshold energy above which one recov-
ers the two-spinon continuum towards higher energies as
compared to the antiferromagnet with solely AF interac-
tions.
We conclude that the simultaneous observation of low-
energy magnons and high-energy spinons is a fingerprint
of magnetically ordered phase coexisting with strong
quantum fluctuations brought by reduced dimensional-
ity.
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